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1. Introduction. 



X 



This paper is a natural extension of the previous note | Ar2 |. Semiinfinite cohomol- 
ogy of Tate Lie algebra was defined in that note in terms of some duality resembling 
Koszul duality. The language of differential graded Lie algebroids was the main 
technical tool of the note. 



The present note is devoted to globalization of the main construction from [|Ar2 



in the following sense. The setup in |[Ar2j| included a suitably chosen module over a 



Tate Lie algebra q with a fixed Lie subalgebra b being a c-lattice in q. 

The rough global analogue of this picture is as follows. Consider a compact curve 
X over a field of characteristic zero. Denote by mod- Dx the category of (right) 
D-modules on X. We fix a Lie algebra 9 in the category mod- Dx- This data can be 
viewed as a family of Lie algebras g x along the curve X. Another part of the data 
includes a Lie subalgebra 2 C 9- So the problem is to define semiinfinite cohomology 
complex of such pair. 

In fact we need some additional constraints on the pair S C 9- So the formal 
picture starts from a different notion of a Lie-* algebra £ on I (see the precise 
definition in Section 2). Roughly spaking a D^-locally free Lie-* algebra is a D- 
module incarnation of a Lie algebra in the category of vector bundles on X with 
the bracket given by a differential operator. We define two types of modules over 
a Lie-* algebra (see |2.2.1 ). The first one called a Lie-* module is just a D-module 



incarnation of the module over the Lie algebra in the category of vector bundles, 
like above, with the action given by a differential operator. Still we will be more 
interested in the second type of modules over a Lie-* algebra called chiral modules 
(see |2.2.1| for the definition). 

So starting from a Lie-* algebra L and a chiral module M we perform the main 
construction more or less parallel to the one from [ Ar2|| . Namely we define the Lie 



algebra 9 — 9(&) i n the category mod- with the Lie subalgebra ¥> = B(£) C 
9(£). We show that a £-chiral module JVC becomes a 9(£)-module. 



Next, imitating the construction of ||Ar2j| Section 4, we define a DG Lie algebroid 



A'(£j) in the category of .D^-modules over a DG ®-algebra ft* = Koszul 
duality type construction provides a left DG-module C*(£,M) over A'(Z>). 

To go further one needs to pass to a central extension of £ called the Tate central 
extension and denoted by £ Xate . Let JVC be a chiral module over £ Tate . It turns out 
that the complex of D-modules C* (<C Tate , M) by some antipode construction becomes 
a right module over A'(fL). 

Finally we consider the homological Chevalley complex of the DG Lie algebroid 
A' (Li) in the category of Dx-modules with coefficients in C'(L Tste , JVC) (see ^2| for 
the definition of the homological Chevalley complex of a DG Lie algebroid). We call 
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the obtained complex of D-modules the global standard semiinfmite complex of the 
Lie-* algebra £ with coefficients in the chiral module M. 

Let us say a few words about the structure of the paper. In Section 2 we collect 
necessary definitions and simple facts about Lie-* algebras, Lie-* modules, chiral 
modules etc. Section 3 is devoted to the construction of the Tate central extension 
of a Lie-* algebra. Section 4 contains all the necessary constructions concerning DG 
Lie algebroids in the category of -Dx-uiodules. In particular we present the definition 
of the homological Chevalley complex of of a DG Lie algebroid with coefficients in a 
right DG-module. Section 5 is the heart of the paper. We present the constructions 
of the Lie algebras and S(&) in the category of .Dx-modules. Then we define 

! 

the DG Lie algebroid A*(L) over the DG ®-algebra 01* (L). Finally after overcoming 
the problem of necessity to pass to the Tate central extension of L we present the 
standard semiinfmite complex C^~(X Tate ,M) for a £ Tate -chiral module M. 

Note that the paper ||BDj| contains a construction of the global BRST complex 
for calculating the semiinfmite cohomology of a chiral module over a Lie-* algebra. 
Somehow the present paper grew out of an attempt to understand that construction 
avoiding the notions of chiral algebras, chiral enveloping algebras etc. The technique 
used in the definition in | |BD[ ] is quite different from ours and it is not checked that 



the two constructions give the same answer. 

Acknowledgements. The author is happy to thank Sasha Beilinson and Dennis 
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2. Lie-* algebras. 

In this section we recall briefly basic notation and constructions concerning Lie-* 
algebras. In our exposition we follow ||Ga ]. We will be working over a fixed smooth 



curve X. Denote the diagonal embedding X c — > X x X by A. The embedding of the 
complementary open set X x X \ X& X x X is denoted by j. 

Let D x - mod (resp. mod - D x ) be the category of left (resp. right) modules M over 
the sheaf of algebras of differential operators on X such that M is quasicoherent over 
Ox- It is known that the category D x - mod is naturally a symmetric tensor category 
with the tensor product given by M(g>o x N for M, N e - mod. Let Q = Q x . Then 
the category mod - D x becomes a symmetric tensor category with the tensor product 
given by 

2.1. Definition. Recall that a Lie-* algebra on X is a right D-module £ with the 
map 

{•El-} : £ ML — ► Ai(X) 

which is antisymmetric and satisfies the Jacobi identity in the following sense. If 
a E3 b M c ■ f(x, y, z) is a section of the LMLMLonXxXxX, then the element 

{{J(a;, 2 /^)-aK6}Kc} + a 1 , 2i 3({{/(2:,a;,?/)-^ C }Ka})+a li2 ,3({{/(?/,2:,x)- C Ka}K6}) 
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of A x=y=z \(£j) vanishes. Here <7i,2,3 denotes the lift of the cyclic automorphism of 
X x X x X: (x, y, z) \— > (y, z, x) to the D-module A x=y=z \{L). 

2.1.1. Note that if £ is a Lie-* algebra, it follows from the definition that DR°(£j) 
is a sheaf of ordinary Lie algebras; moreover it acts on £ by endomorphisms of the 
D-module structure that are derivations of the Lie-* structure. 

In particular, for an afline subset U C X, DR°(U,£j) is a Lie algebra. Thus for 
any point x G X the topological spaces D R° (Spec(0 x ) , £) and DR°(Spec(X x ), £) 
carry the natural structures of topological Lie algebras. 

2.1.2. Our next step consists of reformulation of the Lie* algebra definition in terms 

! 

of Lie coalgebras in the standard tensor structure <g> on right D-modules. 

Lemma: Let Mi, M 2 be two D-modules on X with Mi being locally free and finitely 
generated. Then: 

(i) For a third D-module M on X, there is a canonical isomorphism: 

Hom D ^(M H Mi, A.(M 2 ))=5 Hom Dx (M, M* <g> M 2 ). 

(ii) The canonical map (from point (i)) ^M* ® M 2 ^ E3Mi — > Ai(M 2 ) induces an 

isomorphism DR° (M* <g> M 2 ) — ► Horn D (Mi , M 2 ) . □ 

Below we always suppose that any Lie-* algebra £ we work with is locally free and 
finitely generated as a D-module on X. 

Corollary: For a Lie-* algebra £ we have canonical maps 

co-ad : £ B £* — ► A,(£*) and co-br : £* -> £* ® £*. □ 

We shall call the two maps of the above corollary "the co- adjoint action" and "the 
co-bracket" , respectively. 

2.1.3. Remark: In particular note that to specify a structure of a Lie-* alge- 
bra on a D-module £ is the same as to provide a structure of a Lie coalgebra (in 
the usual tensor structure on the category of right D-modules) on the D-module 
£* := Hom Dx (£, Di^Ox). The co-bracket here is the one obtained in the previous 
Corollary. 

2.2. Modules over a Lie-* algebra. There are two different ways to define a 
notion of a module over a Lie-* algebra. 

2.2.1. A Lie-* module over a Lie-* algebra £ is a (right) D-module M on X with 
a map 

p:£KM^A,(M) 
such that for a section aMbMmoiLMJuMM the two sections 

p({a M b}, m) and p(a, p(b, m)) - o"i, 2 (p(6, p(a, m))) 

of Ai i2) 3i(£) coincide. 

Like in the Lie-* algebra case a structure of the Lie-* module on M provides a 
structure of the sheaf of modules over the sheaf of Lie algebras DR°(£j) on Di?°(M). 
Moreover the sheaf of Lie algebras Di?°(£) acts on M and contrarywize such an 
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action recovers a Lie-* module structure if it is given by differential operators (see 

an, 2 -5-4)- 

Remark: Similarly to 2.1.3| one can easily check that to specify a structure of a 
Lie-* module over the Lie-* algebra £ on a D-module M is the same as to make M a 
comodule over the Lie coalgebra £>*, i.e. to provide a D-module map co-ac : M — > 

i 

£*®M satisfying certain coassociativity constraints. 



2.2.2. A chiral module over a Lie-* algebra is again a (right) D-module M on X, 
but with an operation 

p: j,f(LIM) -> A,(M) 

such that every section /(ar, 2)-aK6Km e r(IxIxI\(A 1 , =2 UA 9=z ), £S£KIM) 
satisfies an identity as follows: 

p({f(x, y,z) ■ aMb},m) = p(a, p(f(x, y, z) ■ b, m)) - a 1:2 (p(b, p(f(y, x, z) ■ a, m)), 

as sections of A x=y=z \(M.) . 



2.3. Naive de Rham complex for a Lie-* module over a Lie-* algebra. 

Let M be a Lie-* module over a (locally D-free finitely generated) Lie-* algebra £. 

Consider a complex C*(£, M) of D-modules on X as follows: C fc (£, M) = A fc (£*)®M 
as a D-module. The differential is given by 

d(u)i A . . .Aw^m) = wi A . . . A co-br(cjj) A . . . Ac^Cgim + cjj A. . .AUkA co-ac(m). 
Here are the sections of £* and m is the section of JVC. 

Lemma: The complex of D-modules C"(£,M) is well-defined, i.e. d 2 = 0. □ 

Remark: We call the constructed complex the naive de Rham complex for the Lie-* 
module over the Lie-* algebra. However below we construct a more sophisticated 
complex for a chiral module over a Lie-* algebra. That complex is also of de Rham 
origin. It will be realized as de Rham complex of a certain DG Lie-* module over a 
certain DG Lie- * algebroid. 



2.4. De Rham DG-algebra of a Lie-* algebra. Consider the complex C*(£, M) 
for M equal to the trivial Lie-* module Q over £. 

Lemma: The wedge product makes the complex C'(L>, Q) into a super commutative 
DG-algebra in the tensor category of right D-modules. □ 
We denote this DG-algebra by ft* = 



3. Tate extension of a Lie-* algebra. 

3.1. Matrix Lie-* algebra. Let V be a locally free finitely generated D-module 
on X, and let V* := Hoiri p (V. Dx®Qx) be its (Verdier) dual D-module. Consider 

! 

the ®-tensor product of V and V*. 
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3.1.1. Remark: By Lemma |2.1.2| (i) we have a Lie-* pairing 



: vm* — ► A(0). 

! 

Lemma: The D-module V(&V* =: Mat carries a natural structure of an associative-* 
algebra on X. 

Proof. The associative product map is defined as follows: 
as : (v (1) ®Vfo J El fv (2) ®Vfo 

(V (1) KiO)®(OKf\^ 2) )J ® ^(VpqBfi^fiBVfo) 

( '^H id A(0)® ^(7(2)^0)0(0^!))^ =5A,(V®V*). 

Here the indexes (1) and (2) denote the factors in the product, and the *-pairing is 
taken between the ones in the first pair of brackets. It is left to the reader to check 
the associativity of the product. □ 
Now we obtain the Lie-* bracket on Mat from the associative-* product in the 
usual way: 

aMb as(aMb) - asQMa). 

We call Mat the matrix Lie- * algebra of the D-module V. 

Note that the associative-* algebra Mat acts both on V and on V* in a canonical 
way and the pairing is Mat-invariant. 

3.2. Tate extension of the Lie-* algebra Mat. The material of this subsection 



is almost word to word copied from |BD|], 2.6. We include it in our paper just for 
the sake of completeness. 

3.2.1. The Tate extension is a canonical central extension of Lie-* algebras 

— > tt x — ► Mat b Mat — ► 0. 
To define Mat b as a D-module consider the exact sequence of D-modules on X x X 

VKV*^ j,f(V B V) Ai(VW*) — ► 0. 

Here as before A : X ^ X x X is the diagonal embedding, j : U := X x X \ 
Apf) <— > X x X is the complementary embedding, and n is the canonical arrow. 

Namely one has V®V* = T^A^VKiV*) = Coker e; explicitly, tt sends (ta^i)" 1 ^ 

?/ G j*.f VKV* to ufg^dt) -1 G A.(V®V) C Ai(V®V*). Note that (•&) vanishes on 
Ker e and, pushing forward the above exact sequence by we get an extension 

of A,(V®V*) by A(O). 

This extension is supported on the diagonal. Applying A ! we get the Tate exten- 
sion Mat b . We denote the canonical morphism j*j*(V Ei V*) — > AiMat b as /^Mat- 
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3.2.2. The above construction is natural with respect to Lie-* algebras actions. 
Namely, assume that a Lie-* algebra L acts on V, V* so that is ^-invariant. 

Then the L-action on Mat = V®V* lifts canonically to an L-action on Mat b . To sec 
this, consider the L>f 2 -modules A (V M V*), A'j*j*(V B V*). The Lie algebra h(L) 
acts on them in the obvious manner. The morphism : A'(VMV*) — > A'Ai(O) 
is Di?°(iL)-invariant. Therefore DR°(£j) acts on Mat b . This action is uniquely deter- 
mined by property that ^Mat is a morphism of Di?°(Mat)-modules. Evidently the 
action of DR°(L) is given by differential operators so we have the desired £-action 
on Mat b . 

In particular, the canonical Mat-actions on V, V* define a Mat-action on Mat b that 
lifts the adjoint action on Mat. Composing this action with w we get an operation 

{•&} : Mat b KMat b — ► A,(Mat b ). 

3.2.3. Lemma: This is a Lie-* bracket. □ 

3.3. Tate extension of a Lie-* algebra. Now let L be an arbitrary .Dx-locally 
free finitely generated Lie-* algebra. Recall that by Lemma |2.1.2j we have a canonical 
co-action map of the -Dx-modules 

! 

co-ac : L — > £ <g> £*. 
We interprete as a (D-module) map can : £ — > Mat. 

Lemma: The map can is a morphism of Lie-* algebras. □ 

3.3.1. Corollary: For any Dx-locally free finitely generated Lie-* algebra £ there 
exists a central extension in the class of Lie-* algebras as follows 

— >Q X — > £ b — > £ — ► 0. 

This is just the inverse image of the Tate central extension of Mat. □ 
Below we denote the Lie-* algebra L b by £jate and cal it the Tate central extension 
of £. 

Remark: Note that for the complete curve X the short exact sequence of the Dx- 
modules that defines the extension £>jate does not split, even if we forget about the 
Lie-* algebra structures. 

3.4. Local analog of the Tate extension. Fix a point x6l. Let O x (resp. % x ) 
be the completion of the local ring of the point x (resp. of the local field of the point 
x). 

Consider the topological Lie algebra DR°(Spec(X x ), £) with the Lie subalgebra 
DR°(Spec(6 x ),L). 

3.4.1. Lemma: 

(i) DR°(Spec(% x ), £) is a Tate Lie algebra. 

(ii) The subalgebra DR°(Spec(Q x ), £) is a c-lattice in DR°(Spec(X x ), £). □ 
In particular we have a one dimensional Lie algebra central extension 

— ► C — ► DR°(Spec(X x ),L Tate ) — ► DR°(Spec(X x ),L) — ► 0. 
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3.4.2. Proposition: The central extension DR°(Spec(% x ),Lj ate ) coincides with 
the extension of the Tate Lie algebra D R° (Spec(Xr) , L) with the help of the critical 
cocycle (see e.g. ||Ar2|| , 4.3.3). □ 



4. DG Lie algebroids in the category of Dx-modules. 

Recall that mod-Dx is a symmetric tensor category. Below we use this structure 
to mimick the ordinary definition of a Lie algebroid in the category of vector spaces. 

4.1. Definition: Let ft be a ^-commutative algebra in mod-Dx, and let A be a ft- 

module (so we have a D-module map %®A — ► A providing the structure) carrying 
a Lie algebra structure in mod-Dx (i.e. a Lie bracket map [■,■] : h 2 (A) — ► A 
satisfying the Jacobi identity is given). Moreover suppose that A acts on ft by 

derivations (i.e. we have a D-module map .A®ft — > ft such that [a,rb] = a(r)b + 
r[a, b] is satisfied for any sections a, b G T(X,A) and r e T(X, ft)). 

We call the above data the Lie algebroid in the category mod-Dx over the <S>- 
commutative algebra ft. 

From now on we assume that all the appearing ft-algebroids are locally free as 
ft-modules. 

4.1.1. By definition a right module (resp. a left module) over a Lie algebroid (A, ft) 
on X is a sheaf of ft-modules M with the Lie action of A satisfying the constraint 
(rm) • a = r(m ■ a) — (a(r))m (resp. a ■ (rm) = r(a ■ m) + (a(r)) ■ m) for any sections 
a of A, r of ft and m of M. 

4.1.2. Recall that the universal enveloping algebra for a ft-Lie algebroid £ in 
mod-Dx is defined in the same way it is done for Lie algebroids over vector spaces: 
we take the free algebra in the category mod - Dx generated by £ and take its quo- 
tient by the obvious ideal of relations including the one expressing the action of L 
on ft by derivations. We denote the obtained associative algebra in mod-Dx by 

4.2. Homological Chevalley complex for a right module over a Lie alge- 
broid in mod-Dx- For a right .A-module M consider the graded Dx-module on 
C'(A,M) as follows: 

C'(A,M) = 0C fc (yi,M), C k {A,M) = M®x{Ax k {A)). 

k 

We endow the graded vector space with the differential as follows: For sections 
ai , . . . , a p of A and m of M we put 

d{m®ai A ... A a p ) = ^^(— l) l m • a^ai A ... A cjj A ... A a p 

i 

+ ^(-l) l+i m<g>[aj, dj] A a x A . . . A a; A . . . A aj A . . . A a p . 

i<j 

Lemma: 

(i) The differential in the complex is well defined. 

(ii) The differential satisfies d 2 = 0. 
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Proof, (i) Let us perform a calculation showing that the differential d : C k — > 
(j-k+i j g we jj defined f or k — 2, the general case is quite similar. We have 

d{m®ra\ A 02) = m • (rai)®a 2 — m • a 2 ®ra\ + m®[a 2 , rai] 
= m®(a 2 (r))oi + m£g>r[a 2 , ai] — r(m • a 2 )®(ii + m • (rai)®a 2 
= (a 2 (r))m®ai + rm£g>[a 2 , ai] — (rm) • a 2 £g>ai — a 2 (r)m®ai + (rm) ■ a\®a 2 
= (rm) ■ ai®a 2 — (rm) • a 2 ®a\ + rm£g>[a 2 , ai] = d(rm®a\ A a 2 ). 

The general case is quite similar. 

(ii) This is the usual calculation in the Chevalley complex. □ 

Remark: We have shown above that there exists a homological Chevalley complex 
for a right .A-module M. A very similar calculation proves the existence of the 
cohomological Chevalley complex for a left .A-module N, of the size Hom 9 ( Ay (A) , N). 

4.2.1. In fact both the homological and the cohomological versions of the Chevalley 
complex for a Lie algebroid appear naturally "in a coordinate-free way" as a result 
of the following construction. 

Consider the tautological left .A-module % We construct its standard projective 
resolution in the way it is usually done for modules over Lie algebras. 

Namely consider the complex 

Stan*(yi,^) := U^^A^A)®^ 

with the standard differential. Note that the differential uses the right CA-module 
structure on Ur(A). 

Lemma: 

(i) The complex of -Dx-modules Stan*(A,^) is well-defined. 

(ii) Stan*(.A,iR) is a complex of .A-modules. 

(iii) The homological Chevalley complex C*(.A,M) for a right A-module M is iso- 
morphic to M®^Stan*(A,^ ; ). 

(iv) The cohomological Chevalley complex Hom ^fAyfA), N) for a left A-module N 
is isomorphic to Hom 4 (Stan*(A, 31), N). □ 

4.3. DG Lie algebroids in /^-modules. Now let Ji* = (Bk^ h be a graded su- 

per commutative ®-algebra on X and let A* = @A k be a graded super Lie algebroid 
over ft. Suppose also there are an odd derivation rf^ on ft* of degree 1 and an odd 
derivation dj\ of the Lie superalgebra A' also of degree 1 satisfying Leibnitz rule 
with respect one to another. Moreover both of them satisfy d 2 = 0. 

4.3.1. Definition: The data (A*, ft*, dji, doi) are called the differential graded Lie 
algebroid in the category mod-Dx or, for short, a DG Lie algebroid on X. 

The notion of a left (resp. right) DG- module over a DG algebroid in mod-Dx is a 
natural combination of the previous definitions and we do not spell it out explicitly. 
The category of left (resp. right) DG-modules over a DG Lie algebroid A = Ax is 
denoted by DG-.A*-mod (resp. DG- mod -.A*). 
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4.4. Homological Chevalley complex for a DG Lie algebroid in mod-Dx- 
Now we sort of add a second differential on the homological Chevalley complex given 



in [4.2| . For M* G DG -mod- A* consider the bigraded vector space C"(A',M') 
as follows: C'*(A, M') = M'®k«(A^. (A 9 )), here the first grading comes from the 
number of wedges in the exterior product and 

C' h {A\W) = (W®x-(^.(A'))) k 

in the graded tensor product sense. 

Consider the two differentials on the bigraded vector space. The first one of the 



grading (1,0) is the usual Chevalley differential like in ^]2|. The second differential 
of the grading (0, 1) is provided by the differentials on M* and A^. (A*). 

Consider the total grading on the bigraded space and the total differential on it. 

4.4.1. Lemma: The differential d\ + di is well defined and its square equals zero. 

□ 



5. Semiinfinite cohomology via DG Lie algebroids in mod-D^- 

In this section we show that the standard complex for the computation of semi- 
infinite cohomology of a chiral module over a Lie-* algebra coincides with the ho- 



mological Chevalley complex of the form |4.4j for a certain DG Lie algebroid in the 



category mod-Dx and a certain right module over it. 

5.1. Construction of the Lie algebroid in mod-Z^x- Fix a Lie-* algebra £ on 
X. As before, we suppose that it is locally free and finitely generated over Dx- 

The construction will be local and we can assume that X is affine. 

Consider the completion of the D X xx~ m odu\e along the diagonal. We denote 
this D-module by £>^. One can view the D-module £^ as the restriction of fiKIL to 
the "family of formal discs" parametrized by the diagonal. 

Consider also the D-module j*(Ou)^o X xx' l ~ J A denoted by O ne can view the 
D-module £^ as the restriction of to the "family of punctured formal discs" 
parametrized by the diagonal. 

5.1.1. Lemma: We have the short exact sequence of the d-modules 

— >£ A — >£ A — ►AiOG) — >0 □ 

Now we take the D-module direct images "B := pi* (£ A ) anc ^ S := P^* O^a) on X 
(here p\ is the projection (x, y) G X x X — > x G X). There is an obvious map 
S — > S and from the fact that £ is a Lie-* algebra we infer that both 2 and 9 are 
Lie algebras in the category of right D-modules on X. 

Note that the stalk of the D-module B (resp. of S) at a point x G X equals 
DR°(Q X , L) (resp. DR°{% X , £)), where O x (resp. % x ) denotes the spectrum of the 
completed local ring (resp. the completed local field) at x. We abuse some notation 
here. 

Lemma: There exists a short exact sequence of D-modules on X as follows: 

— >T> — — >L — ► 0. 
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Proof. Consider the short exact sequence of D-modules from the previous Lemma 
Now take the (D-module) direct image of the exact sequence under pi. It is left to 
the reader that the sequence obtained as a result coincides with the one we need. □ 

We choose the basic ®-supercommutative algebra for our algebroid to be CR*(£) = 
A" (£,*). 

5.1.2. Lemma: 

(i) The Lie algebra in D-modules 23 acts on £. 

(ii) The Lie algebra in D-modules 23 acts on the ®-supercommutative algebra 

by derivations. 

Proof. Note that the second assertion of the Lemma follows from the first one since 
we can extend the action from the generators of to the whole algebra by the 

Leibnitz rule. 

Now we construct the action map for (i) explicitly. We have the following sequence 
of morphisms of D-modules 

Pl „ (£ A ) ®£* — > puPl (pu (£ A ) — > Pi* ®Pi(£*)J 

Here (£*E3,C) A denotes the completion of the D-module £*E3,C along the diagonal 
in X x X. 

Note that the D-module Aj(£i*) is locally finite over the ideal of the diagonal. 
Thus the completion of the map — > Ai(£*) is well defined. 

It is left to the reader that the composition of the above maps provides the action 
of the Lie algebra 23 on £*. □ 

Corollary: The graded D-module A'(L) := S(S)CR" (XL) carries a natural structure 
of a Lie algebroid over the ®-supercommutative algebra □ 

5.2. Construction of the differential on A*(J£>). Note that the differential d% on 

the ®-super commutative algebra is already constructed. Moreover it remains 

to construct the component of the differential on 23(g>CR*(,C) = 25®A*(£*) as follows: 

d'B '■ 23 — > After that the differential on the whole Lie algebroid is obtained 

from dji + d-B by the Leibnitz rule. 

Now by Lemma [2.1.2| (i) we rewrite the map in question as 23K1£ — ► Aj(23) or 

(pi, (jC a )) ML — > A, {p u (£ A )) . 

Note that DR°(L) acts naturally on every stalk of pi* («C A ) at any point x G X. 
Recall that the stalk equals DR°(Q X , L). Thus the sheaf of Lie algebras acts on it 
acts on (p u (£ A )). 

5.2.1. Proposition: The above action is given by differential operators, i.e. it lifts 
to the required morphism 33KLC — > Ai(23). 

Proof. This is a local assertion. It is left to the reader to check it. □ 
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Corollary: The D-module A'(&) := 23<g)&*(£) carries a natural structure of a DG 

! 

Lie algebroid over the ©-supercommutative DG algebra &*(£). 

5.2.2. Remark: In particular the D-module .A'^Tate) := Pi*((XL Tate )^)®A , (£;*) 
is a DG Lie algebroid over This follows from the obvious fact that 

Rom Dx (£j,Dx®ftx) = Hom Dx (£ Tate , D x ®ft x )- 

5.3. Construction of the left A'(Z>) DG-module for a chiral XL-module. Note 
that the Lie algebra in the category of D-modules S = Pi* (^a) ac ^ s naturally on 
an arbitrary chiral £-module M as follows: 

Pi* (£ A ) ®M — > px, ^(£ A ) <g>K(M)^ — ► p u ^(£ A ) ®(M^)j 

— > pi* ((M E £) A ) Pl ,A,(M)=5M. 

Here (M IE £) A denotes the completion of the D-module j*j*(M E £) along the 
diagonal in X x X. 

Note that the D-module Ai(M) is locally finite over the ideal of the diagonal. 
Thus the completion of the map j*j*(ME£) — ► Ai(M) is well defined. 

5.3.1. For a chiral L-module M consider it as a Lie-* module and recall its naive 
de Rham complex C*(£,M) = A*(XL*)®M. 

Lemma: The complex C*(X,M) has a natural structure of a ie/t DG-module over 
the DG Lie algebroid A*{L). 

Proof. The statement of the Lemma follows from the existence of the S-module 
structure on M introduced in the beginning of the present subsection. □ 

Here we come to the crucial point explaining the phenomenon of the Tate ex- 
tension in the semiinfinite cohomology of Lie-* algebras. What we would like to 
do is to consider the homological Chevalley complex of the DG Lie algebroid 
(A*(£j), &*(£),...) with coefficients in C"(X, M). Yet there is no naive way to do 
it. Somehow we have to make M®A*(X*) into a right DG-module over our DG Lie 
algebroid in the category of D^-modules. 

Remark: Mimicking the Tate Lie algebra case we could consider the DG Lie al- 
gebroid A'(Jl>) © IR*(X)C3>1, then construct its antipode a not commuting with the 
differential. However the point is that the obtained DG Lie algebroid in the cate- 
gory mod - D x does not come from a central extension of our Lie-* algebra L. Thus 
there is no way to construct a left DG-module over (A'(fL) ©^K , (£)®l) opp (with the 
differential twisted by the antipode) starting from a chiral module either over £ or 
over some its central extension. Instead one should act as follows. 

5.4. Antipode map for the Tate extension of A*(£j). Consider the (Tate) 
extension of Lie algebras in D-modules on X: 

_> n x — 03 Tate — S — 0. 

Here B Tate denotes 2$(£ Tate ). We have also the corresponding extension of DG Lie 
algebroids on X: 

— ► fi x ©^'(£) — ► £ Tate ©£*(£) — ► £©£*(£) — ► 0. 

n 



Denote £ Tate ©£'(£) by A'(L T J. 

We will need also the universal enveloping algebras of the DG-Lie 3^*(X)-algebroids 
A°(£j Tat J and A'(£j Tst J. Keeping the notation from the previous section we denote 
these associative algebras in mod- D x by Uoi(A'(Ji Tat J) and U^A' (£>)) respectively. 
Let VLoi(A*(£j Tat J) be the qotient of U#(.A , (X Tat J) by the ideal generated by the 

relation (L)<g)(flx<8il) — 01* (L). Here the LHS of the equality is the kernel of the 
DG Lie algebroid extension map while the RHS is the unit C U%(A'(Li Tate )). 

Note that with the differentials forgotten the algebras !X^(yi , (£ Tate )) and 
Vl3i(A'(£j)) are isomorphic. 



5.4.1. We introduce an antipode map A* (L^J^+A* (X Tate ) opp as follows. Set 
a(b®r) = — b®r + co-adb(r)©l. Here b is a section of S Tate , r is a section of ft*(X) 
and 1 is the generating section of Qx- 

Note that the antipode does not necesserily commute with the differential on 

Lemma: 

(i) a is well defined as a antipode of a Lie superalgebra in the category of D x - 
modules A*(L j3te ) (with the differential forgotten). 

o 

(ii) When restricted to any open affine subset X G X the DG Lie superalgebra in 
the category of .Dx-modules A'(H Tate ) opp \ ° with the differential a o dji' ° is 



'x 



isomorphic to the DG Lie superalgebra in the category of D^-modules A'(L © 
Here L © Qx denotes the trivial central extension. 

Proof. Both statements of the Lemma follow from the corresponding local state- 
ments presented in | |Ar2| | , Proposition 4.3.4. □ 



Here we come to another difference with the Tate Lie algebra semiinfinite cohomol- 

ogy case. While previous Lemma states that when restricted to an open affine subset 

i 

the complex of D-modules yi'(£ Tate ) opp is isomorphic to A*(L) © ft*(£)®(Qx<S)l), 
still possibly the short exact sequence of D-modules on the complete curve 

— > n x ®3T(Jl) — > (S Tate ©^'(£)) opp — > B©^'(£) — > 
does not split. 

That is where we use the universal enveloping algebras of our DG Lie algebroids. 
Extend the antipode a to Uft(.A*(X Tate )). 

5.4.2. Proposition: 

(i) a descends to the antipode of U^(yi*(£ Tate )). 

(ii) The DG-algebra Ur(A' (£ Tat J) opp with the differential twisted by the antipode 
a is isomorphic to the DG-algebra 1Loi(A(Z)). 

Proof. Follows from local calculations in the Tate Lie algebra semiinfinite coho- 
mology case (see |[Ar2|| ). 

Corollary: Any left DG-module over the DG Lie algebroid .A*(£ Tate ) on which the 
center f2x©l acts by unity becomes a right DG-module over the DG Lie algebroid 
A'(C). □ 
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5.5. Standard semiinfinite complex for a chiral module over Tate exten- 
sion of the Lie-* algebra £. For a chiral £ Tate -module M such that the center 
0x01 acts on it by unity consider the naive de Rham complex of the module 

i 

C'(L T3te ,M.) = M®A(X*) as a right DG-module over the DG-Lie algebroid in the 

i 

category of Dx-modules (!B<g)IR* '(£>)) . The right DG-module structure is obtained 
using the antipode construction from the previous subsection. 

5.5.1. Definition: We call the homological Chevalley complex of the DG Lie 

algebroid ^(B<g>!K'(£)), . . . ^ with coefficients in the right DG-module 

C*(X Tate ,M) the standard semiinfinite complex for the chiral module M over the 
Lie-* algebra £ Tate and denote it by C^~(£ Tate , M). 

Remark: Note that as the D-module on X the constructed complex looks as follows: 
Cf (£ Tate ,M) = (pi*(0C) A ®3r(£)) (m®A'(L*)^ 

= A' (pi.((£) A ) <g>A*(;G*)<g>M. 
Here as before pi denotes the projection Ixl — > X, (x, y) i— > x. 
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